We use path integrals in order to estimate merger rates of dark matter haloes using the Extended Press-Schechter approximation (EPS) for the Spherical Collapse (SC) and the Ellipsoidal Collapse (EC) models. The use of additional terms in the expansion used in the path approach, other improvements as well as detailed comparisons with the predictions of N-body simulations, that could improve our understanding about the important issue of structure formation, are under study.
Introduction
The development of analytical or semi-numerical methods for the problem of structure formation in the universe helps to improve our understanding of important physical processes. A class of such methods is based on the ideas of Press & Schechter (1974) and on their extensions. These extensions are called Extended Press-Schechter Methods (EPS), and they are presented in the pioneered works of Peacock & Heavens (1990) , Bond et al. (1991) and Lacey & Cole (1993) .
In this section we summarize useful relations about density perturbations, filters, stochastic processes and path integrals that are used in the following calculations.
The overdensity at a given point r of the initial Universe is given by the relation:
In the above relation, ρ(r) is the density at point r of the initial Universe. Index b denotes the density of the background model of the Universe. The smoothed density perturbation at r is defined by the relation:
where W is a filter with characteristic radius R. Using the convolution theorem to transform both sides, we have:δ
In our calculations we use the sharp in k space filter given by:
W KS (r; R) = 1 6π 2 R 3 3(sin x − x cos x) x 3 , x ≡ r/R W KS (k; R) = H(1 − kR)
where x ≡ r/R and H is the Heaviside step function defined by:
For spherically symmetric kernels, such the ones we examine here, the variance of the overdensity at scale R is given by :
where k f ≡ 1/R and ∆ 2 = k 3 (2π) 3 P s (k). P s (k) is the power spectrum . For the k-sharp filter the evolution of smoothed δ as a function of S is governed by a Langevin equation:
< n(S)n(S ) >= δ D (S − S ) (8) (Langevin (1908) , Coffey et al. (2004) ), where δ D is the Dirac delta function, that describes the following Markovian stochastic process: Trajectories start from the same position (S 0 , δ 0 ) at the (S, δ) plane and evolve according to Eq.7 as S decreases. S is completely analogous to time t in ordinary problems involving stochastic processes. The probability P (S, δ/S 0 , δ 0 )dδ, a trajectory that starts from the position (S 0 , δ 0 ) passes at S from a value of δ in the interval [δ, δ + dδ] satisfies a Fokker -Planck equation (Coffey et al. 2005) , that leads to the diffusion equation:
with solution:
P (S, δ/S 0 , δ 0 ) = 1
In Sect.2 we give the basic equations from the path integral approach method. In Sect.3 first crossing distributions and structure formation are discussed. In Sect. 4 analytical relations for merger rates and mean merger rates are presented. Results for different models as well as comparisons are presented. In Sect. 5 we summarize the method, the results and we give a short discussion.
Path integral approach: Basic Equations
Path integrals are power tools for the study of various fields of theoretical physics, and they have been studied extensively in the literature, (Wiener (1921 ) Feynman & Hibbs (1965 , Grosche & Steiner (1998) , Chaichian & Demichev (2001) ). They are given by the sum over all possible paths, satisfying some boundary conditions. Applications appeared for the problem of structure formation in the Universe from Bond et al. (1991 ), Maggiore & Riotto (2010 and Simone et al. (2011) . We follow the formalism of the above authors. According to the above described picture for the formation of structures, we consider an ensemble of trajectories all starting from the point (S 0 , δ 0 ) and we follow their evolution for the "time" interval [S 0 , S]. The interval is discretized in steps ∆S such as S k = S 0 +k where k = 1, 2...n and S n = S. A trajectory is defined by the points (S 0 , δ 0 ), (S 1 , δ 1 )...(S n , δ n ). The probability density the variables δ(S 1 ), δ(S 2 )...δ(S n ) take the values δ 1 , δ 2 ...δ n respectively is:
Using the integral representation of the Dirac delta function :
and the fact that each one of the variables δ(S 1 ), δ(S 2 )...δ(S n ) follows a central Gaussian distribution, the probability Π of arriving at (S n , δ n ) starting from (S 0 , δ 0 ) using discrete trajectories of step that never exceeded a barrier B that depends on S is:
where,
and
Expanding in a Taylor series the quantity e i n k=1 λ k (B k −Bn) as well as the difference B k − B n around S n (see Lam & Sheth (2009) and the discussion therein), we have
where we set:
and:
The symbol B 
where
and is given by:
We note that the integral
dδ n equals to the number density of trajectories that have never crossed the barrier. This number density is a decreasing value of "time" S, since the number of trajectories that pass the boundary increases with increasing S. However, the rate of change of the above integral shows the number of trajectories that cross -for first time-the barrier at S. This is the first crossing distribution F that satisfies the Eq.
Assuming that every component (16), (17) and (18) satisfies a diffusion equation, we can write:
Finally we have:
that in terms of the confluent hypergeometric function U ( Abramowitz & Stegun (1970)) can be written:
and Γ is the complete gamma function.
is written in the form:
where the quantity G is defined by the relation:
In the above relation we have set S = S n , B(S) = B n , U (0, a, b) = 1 and we rewrote the arguments in a different form, useful in what follows.
It is also useful for our purposes to consider a barrier that is a function of redshift z too, B ≡ B(S, z). Additionally, we also assume that the value δ 0 satisfies the relation δ 0 ≡ B(S 0 , z 0 ). However, the constraint (S, B(S, z)/S 0 , δ 0 ) is equivalent to (S, B(S, z)/S 0 , B(S 0 , z 0 )) or without any confusion (S, z/S 0 , z 0 ). Thus, given that a trajectory crosses, for first time, the barrier B(S 0 , z 0 ) at redshift z 0 , F(S, z, /S 0 , z 0 ) gives the probability this trajectory to cross, for first time, the barrier B(S, z) at z. We also
Obviously, in the above relations B(S) has to be replaced by B(S, z) and B (p) (S) by S, z) . Thus, it is more convenient to write:
The use of the above formula in practice, requires taking account a finite number of terms.
Due to the behavior of the confluent hypergeometric function, it is not obvious that the leading order term dominates the sum. In our calculations, we tried an increasing number of terms N T (thus the sum above extends from p = 1 to p = N T ). We found that for N T ≥ 12 the results are the same. So, the value of N T = 12 is sufficient for our purposes. We note that we also checked the results for very large number of N T as 100 and no differences were found.
First crossing distributions and structure formation
First crossing distributions are connected to structure formation (Bond et al. (1991) , Lacey & Cole (1993) ). We consider the variableM that is the relative excess of mass at scale R. This is written in the form:
where M (R) is the mass contained in a sphere of radius R of the Universe and
πρ b R 3 is the mass contained in a sphere of radius R of the unperturbed model of the Universe that has a constant density ρ b .
It is easy to check that in the case δ follows a central Gaussian, thenM follows a central Gaussian with the same variance. Thus, it is reasonable to assume that the relation between S and R (see Eq. 6) can be transformed into a relation between S and M . This assumption should have a complete physical meaning if the volume associated with the filter was that of a sphere of radius R. The volume associated with a filter F is given by:
The Gaussian filter has an infinite extent and so it is difficult to understand the physical connection between R and M and for the k-sharp filter the above integral does not exist at all and so the volume is not even well defined. However, since the k-sharp filter is so convenient for the analytical approximation of the problem studied here, we followed the usual procedure that is to assume a mass M = 4 3 πρ b R 3 associated with the k-sharp filter.
We note that in Lacey & Cole (1993) a volume V = 6π 2 R 3 is quoted for the k-space filter, a result that is used without much justification, see the details in Maggiore & Riotto (2010) .
The second point is to connect the first crossing distribution of trajectories with the number density of haloes. This is done by using the following argument: The probability a mass element at redshift z belongs to a halo of mass in the range M, M + dM denoted by f (M, z)dM equals to the probability a trajectory crosses, for first time, the barrier B(S, z)
between S, S + dS denoted by F(S, z) | dS |. Variables S and M are connected by the relation S = σ 2 (M ). The described equation can be written in the form:
and since we assume that all trajectories start from the point (S 0 = 0, δ 0 = 0) this is an unconstrained probability. For the constrained case, we write:
A form of the barrier that results to a mass function that is in good agreement with the results of N-body simulations is B EC (S, z) given by:
In the above Eq. α, β and γ are constants The above relation can be written in a more convenient form:
For the spherical collapse (SC) model, F can be calculated analytically. The analytical solution for the SC model is given by:
Sheth & Tormen (2002) have shown that a good approximation of F for the EC model is given by the relation:
We note that for the constrained case the above relations are written:
with
Comparing the expressions (28) and (41) (29) and (42) respectively, shows that their leading terms, for p = 1 and k = 1 respectively, are equal. As regards the whole sums we can draw some conclusions in the case of small ψ.
Using the asymptotic formula 13.5.10, U (a, b, ψ) = Stegun (1970) that holds for small ψ and 0 < b < 1 , for a = p − 1 and b = 1/2 and substituting in (29) we see that G is close to T .
Mass functions and N-body simulations
On the other hand, large numerical simulations give very important information about mass functions. Such simulations, starting from cosmological initial conditions, can find at different values of the redshift z, the number density of haloes of given mass M , denoted by N (M, z), and the variance of mass at scale M , denoted by S(M ). It is well known that these quantities are related by the equation:
that can be written in the form:
We note here that some quantities in the above Eq. can be evaluated from the results of Nbody simulations. Sheth & Tormen (1999) showed that the combination M
has an almost universal behavior , that is independent of redshift and cosmology, a result that was confirmed by large numerical simulations as those of Tinker et al. (2008) . We recall that σ 2 (M, z) is the variance at mass scale M at redshift z. In the linear regime of the evolution it obeys the relation σ(
Introducing the variable ν ≡ B sc (z) √ S, for constant z, we can write
Assuming a distribution function F ν of the variable ν and combining, for constant z, the fundamental law of probabilities,
with (45), we get: and using (44) we have:
Taking into account that B SC (z) and √ S evolve with time in the same way according to the linear theory, the quantities ν and νF ν (ν) are time independent. νF ν (ν) is called the "multiplicity function". For SC model, using (37) it is easy to show that
] while for the EC model of Sheth & Tormen (2002) we can write:
where Regarding the power spectrum, we employed the ΛCDM formula proposed by Smith et al. (1998) . The power spectrum is normalized for σ 8 ≡ σ(R = 8h −1 Mpc) = 0.9.
In Fig. 1 we have plotted multiplicity functions, νF ν (ν). Squares are the predictions from N-body simulations of Tinker et al. (2008) and the solid line is the analytical fit to these (2006)).
In Fig. 2 we present constrained distributions for different halo mass and different redshifts.
These distributions are given by (40), (41) and (28) We note that the relative difference is an increasing function of S starting from zero at S = S 0 . Thus the quantity F x that is defined by the relation
gives the fraction of walks that start from the point (S 0 , B(S 0 , z 0 )) and pass from the point (S, B(S, z)) with S in the range [S 0 , S x ]. We define as S x the value of S that satisfies (∆F/F) model (S x ) = x/100 and thus F x equals to the fraction of walks that agree with the exact solution, better than x percent. For all values of x we have S x,path > S x,ST and F x,path > F x,ST . We have also calculated M x ≡ M (S x ).In the following tables we give some characteristic results for x = 10.
It is clear from the above two tables that path integral approach agrees to the exact results for a significant larger range of S than ST approximation. S 10,path can be by 26 percent larger than S 10,ST as for example it can be seen in the last row of Table 2 . Additionally, the results of path approach extended to larger masses. As it can be seen the interval of
, with an accuracy better than 10 
Merger rates
Using Bayes rule we write:
Using (29), (41) or (42) we can write:
The index m states for the following models: SC model, ST-EC model and the path model, P-EC. Thus:
and For the SC model:
For the ST − EC model,
and for the P − EC model:
In Fig that for the EC model -that is more promising than the SC model-the prediction of path approach is close to the results of Sheth & Tormen (2002) .
Although in the calculation of F we used only two terms from an expansion (see Eqs. 28 and 29), the resulting constrained first crossing distributions from the path approach are closer to the ones predicted by the numerical solutions than the predictions of Sheth & Tormen (2002) are. We note that the infinite sum in (29) is accurately approximated using up to 12 terms. This shows, that the analytical formula given in Eq. 28, that resulted from the analytical procedure described in the text, improves the empirical formula (see Eqs. 41 and 42) of Sheth & Tormen (2002) . We note that the predictions of the analytical formula of ST02 are predicted using about 6-8 terms of the sum.
Merger rates have also been calculated. Merger rates resulting from the path integral approach are close to those predicted by Sheth & Tormen (2002) A. Appendix A
We denote by P (S, δ/S 0 , δ 0 )dδ the probability a trajectory that starts from the point (S 0 , δ 0 ) passes at "time" S between δ, δ + dδ without crossing the barrier B(S, z) between S 0 and S. On the other hand F(S, z/S 0 , δ 0 )dS ≡ F(S, B(S, z)/S 0 , δ 0 )dS equals to the probability a trajectory that passes from the point (S 0 , δ 0 ) crosses the barrier of height B(S, z) > δ 0 , for the first time, between S, S + dS. Consequently, P 1 given by
is the probability the trajectory has crossed the barrier before S while P 2 ,
is the probability the trajectory was always at values smaller than B(S, z) and thus it has not crossed the barrier for "time" < S. Obviously P 1 + P 2 = 1. We also assume that the transition probability P 0 , in the absence of any barrier, is a normal Gaussian given by:
The presence of the barrier amplifies P in the following way: the trapezoidal rule, we write (A5) as:
where we set F k ≡ F(S k , z/S 0 , z 0 ). Solving for F i we have the solution of the integral equation: 
The above Eq. holds for i ≥ 2 while for i = 0 or i = 1 we have F 0 = 0 and
)], respectively.
We also used an iterative method for the solution of (A5). We denote by F (l) i the l th approximation for the value F i . We use the initial conditions F (0) i = g 1 (S i , δ 0 , S 0 ) and the iterative method:
The iterations stop when for all values of i = 1, 2..N , the condition:
We used ε = 10 −5 . We note that the numerical solution of (A5) resulting from any of the above two methods is very sensitive to the number of grid points N. We used a large number of grid points N, N = 10 5 , to divide the interval [S 0 , S max ] where S 0 = S(M 0 ) and S max = S(10 −2 M 0 ) so as the two numerical methods give identical results. The accuracy of these numerical results was checked by comparing them with the exact solutions that are available from the SC model. The agreement was found almost exact.
